Quantum Hall States at v 
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We study the v = -^-^ quantum Hall states which are particle-hole conjugates of the v — ^r^ 
Read-Rezayi states. We find that equilibration between the difi'erent modes at the edge of such 
a state leads to an emergent SU(2)fc algebra in the counter-propagating neutral sector. Heat flow 
along the edges of these states will be in the opposite direction of charge flow. In the fe = 3 case, 
which may be relevant to ;/ = 2 + |, the thermal Hall conductance and the exponents associated 
with quasiparticle and electron tunneling distinguish this state from competing states such as the 
hierarchy/ Jain state. 

PACS numbers: 73.43.-f,71.10.Pm 
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The most robust state in the second Landau level 
(SLL) is the v = 5/2 state d S Q. As a resuh of 
its even-denominator, it cannot belong to the usual hi- 
erarchy /'composite fermion' sequence of Abelian states 
[Jj a la lZI, la, l9| which seems to explain all of the observed 
states in the lowest Landau level (LLL). The leading can- 
didate theories of the v = 5/2 state are non-Abelian: 

and its_ particle-hole con- 
Thus, one may 



transport can distinguish this state from its competitors. 
The action of the edge of the level fc-RR state [17| at 
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the PfafFian state 
jugate, the anti-Pfaffian state 
wonder whether the other fractions observed in the sec- 
ond Landau level, such as y = 7/3, 12/5, 8/3 and 14/5 
[2, lia, lla|, are also non-Abelian even though they oc- 
cur at odd-denominator filling fractions. The state at 
V = 12/5 = 2 -I- I has been the subject of particular 
interest because its filling fraction is the particle-hole 
conjugate [3 Ij of that of the fc = 3 Read-Rezayi state 
[ITJ . This is an exciting possibility because this state 
is capable of support ing universal topological quantum 



computation 18|, yJl . Alternatively, a state at the low- 
est level of a non-Abelian hierarchy built on a z^ = 5/2 
Pfaffian state also occurs dX v = 12/5 |2Q,]. Finally, the 
V — 12/5 state may simply be the transposition to the 
second Landau level of the Abelian state which is believed 
to occur &t V — 2/5. 

In this paper, we analyze the particle-hole conjugates 
of the general level-fc Read-Rezayi states, which we call 
the level-fc RR states. These states possess multiple gap- 
less modes of edge excitations, which are of particular 
interest for charge and heat transport. We formulate the 
low-energy effective field theories of the edges of the level- 
fc RR states and show that an SU(2)fc Kac-Moody sym- 
metry emerges when the different edge modes equilibrate. 
One notable feature is that the thermal Hall conductance 
due to this state Kxy = — ( xTT ) ^^kgT/3h, is opposite 

in sign to the electrical Hall conductance, a^y = -^p^T- 
We then focus on the fc = 3 RR state and compare it to 
other possible v — 2 + 2/5 states. We show that charge 
transport through a quantum point contact and thermal 



filling fraction v = -^^ is composed of charged and neu- 
tral sectors. The charged sector is described by a chiral 
bosonic field propagating with velocity Vc- The neutral 
sector is a chiral Z^ parafermionic theory l2l| propagat- 
ing with velocity Vn- The Z^ parafermion theory is an 



2fc-2 

fe+2 



which 



SU(2)fc/U(l) coset with central charge 
can be represented by an SU(2)fc chiral WZW model in 
which the U(l) subgroup has been gauge d 1221 (note that 
the gauge field is not minimally coupled (23|). Thus, we 
can write: 



S = - — / dxdr dxfd(p + S'wzw k 
Am/ J 

-— / dxdTti(^Axdg-g-'^-Ag-^dxg+AxgAg-^-AxA 



(1) 



where d = idr + Vcdx and A = Ar — ivnAx- The neutral 
sector is the sum of the second and third terms which 
we wih call S^^^ — J C^^ . The second term, the WZW 
action, is given by: 

k f — 

S'wzw, fc = -— / drdxir (pxg^^dg) 

- i^jdxdTdre^''hr{d^gg-^d,gg-^dxgg-^) . 

(2) 

The field g takes values in SU(2). The second integral is 
over any three-dimensional manifold M which is bounded 
by the two-dimensional spacetime of the edge dM . The 
value of this integral depends only on the values of the 
field g at the boundary dM. As a result of the gauging 
([T]), the primary fields ^j,m of this model are essentially 
the spin-j primary fields of the WZW model ([2]) dressed 
by charge- 771 Wilson lines of the U(l) gauge field; as a re- 
sult of the latter, they are invariant under the U(l) subset 
of the gauge group. The fc(fc -I- l)/2 primary fields '^j,m 



are, consequently, indexed by half-integers j, m satisfying 
< j < k/2, m € (—J, — J + 1, . . . , j) with the identifica- 
tions (j, m) ^ (I - j, TO + |), (j, to) 9^ (j, TO + fc). The 

^^^^±ii ^ Ofpartic- 
$ fc fc , 1 



field <&j,m has dimension Aj^m — —^+2 IT 

ular importance is the parafermion field ipi 

of dimension A = 1 ~ ■^^ For fc ~ f , the theory is triv- 
ial; the fc = f RR state is simply the v — f/3 Laugh- 
lin state which has no neutral sector. The fc = 2 RR 
state is the Pfaflian state; in the special case fc = 2, 
the SU(2)2/U(f ) coset can be alternately represented as 
a Majorana fermion. The three primary fields are then 

$0,0 = 1, $1/2,1/2 = cr, $1,0 = ■0- 

In the RR state, the electron creation operator is a 
charge-1 fermionic operator, '^\ = ijjie^~^'^, where V'l 
is the Zfc parafermion field described above (simply the 
Majorana fermion in the fc = 2 case). With the bosonic 
field (j) normalized as in ([T]) , the scaling dimension of i 



^iacp 



is i'^- Consequently, the electron operator has scal- 
ing dimension |. The neutral sector does not enter the 
charge current, J — ^d(p, so the level-fc RR state has a 

quantized Hall conductance (Txy = -^r^ IT' ^^ ^^^^ frac- 
tional quantum Hall state occurs in the second Landau 
level and the lowest Landau level (of both spins) is filled 

and inert, then axy ~ (2 + Ja^) x- ^^^ energy mo- 
mentum tensor is the sum of the two energy momentum 
tensors, T = Tc + Tz^ . Consequently, the thermal Hall 
conductivity is proportional to the sum of the two central 

charges [2J|: Kxy = -^r^ ^sh^ "^- ^^ ^^^^ *^i^ fractional 
quantum Hall state occurs in the second Landau level, 
3fc A ![!fc| 



then Kx 



2 + 



'-T. 



To find the edge structure of the level fc anti-RR state 
(RR), we generalize the anal ysis done for fc = 1 in Ref. 
^ and for fc = 2 in Refs. [11, "111 . Ignoring filled Landau 
levels (if any), we perform a particle- hole transformation 
of the partially filled Landau level (the second Landau 
level in the case of i^ = 12/5). The edge between the 
level-fc RR state {v = 1 — j^ = -j^) and the vacuum 
(jy = 0) is mapped to the edge between the level fc-RR 
state (z/ = jjT^) and a i/ = 1 state. Hence, the theory of 
this edge is described by a level fc-RR edge theory and 
a counter propagating bosonic charge mode which is the 
edge theory of the v = \ state. The low-energy effective 
Lagrangian is: 



'^'RR. = — (^2;'/'l(«9r + Vidx)(j)l 



1 

47r' 

fc + 2\ I 
47r 



dx(j)2{~idT + V2dx)4'2 + C-i 



■^v,2dxcf>idxh + e(a;)Vie^^*^e-'*i + h.c, (3) 
47r 



tunnels electrons from the outer v — \ edge to the in- 
ner edge with a random coefficient ^ which, for sim- 
plicity, we take to be of Gaussian white noise form: 
(f (x)^*(a;')) = W5{x — x'). In the absence of inter-mode 
tunneling, this theory will not realize a universal value 
of the two-terminal conductance. The tunneling term al- 
lows the counter-propagating modes to equilibrate and 
achieve a universal two-terminal conductance, as is the 
case for the v ~ 2/3 quantum Hall state [25|. 

For wi2 = 0, the inter-mode electron tunneling term 
is irrelevant: dW/d£ = —W, as may be seen by using 
the replica trick to integrate out ^. However, for wi2 
sufficiently large, W becomes relevant. To see this, we 
introduce a new set of fields defined by 



02, 0^=01-02(fc + 2)/fc, 



(4) 



corresponding to charged and neutral bosonic modes, re- 
spectively. In these variables, the Lagrangian takes the 
form Cj^j^ = Cp + Ca + -Ctun + ^pcr, with: 

-Cp = ^ f —^ j dx<j)p{idr + Vpdx)(t)p, 

1 fc 

47r z 



^pa = '^Vpcrdx4>a-dx4>p, 



v„ 



and 

^^12, e.g. 



^pi 



Attv 



'■Jpa 
pa 



are functions 
= {k/2)h,, + 



(5) 
of vi ,f 2 and 

(fc + 2/2)2t;2 - 



2)/4-H (fc/2)^)tii2. If Vpa = 0, then the electron 



(fc(fc- 

tunneling operator has scaling dimension [-01 e*"^"] = 1 
and the inter-mode electron tunneling term is relevant: 
dW/d£ = W. 

We now show that when the disorder is a relevant per- 
turbation, the edge theory flows to a new fixed point 
described by a freely-propagating charged boson (respon- 
sible for the universal quantized Hall conductance) and 
a backward propagating neutral sector that possesses an 
SU{2) symmetry. We will argue that due to the disor- 
dered tunneling the neutral modes will equilibrate and 
propagate at common average velocity v and show that 
the velocity mismatch and the mixing term Cpa are ir- 
relevant. An SU{2) symmetry will thus emerge in the 
neutral sector. Note that for fc = 2 this reduces to the 
result obtained for the anti-Pfaffian ISJ, [l4 1 . Let us write 
the neutral sector action Co- as Csu{2)k + 'Catu with: 

I fc 

^SU(2)k = -T-^dx(t)a{-idT+vdx)(j}a+ C,J,k{'")^ (6) 

I fc 



where 0i is the v — 1 edge charge mode and wi2 > 
is a repulsive density-density interaction along the edge. 
The final term is inter-mode electron tunneling which 



The Lagrangian Csu{2)k i^i '^^ fact, equivalent to (the 
opposite chirality version of) the chiral WZW action ^ : 
the chiral boson ipa- restores the U(I) which was gauged 



out in ([T]). A simple way to see this is to note that the 
currents: 

J+ = Vki^ie"^- , J- = Vktple-"^- , J' = ^d,(j>,, (7) 

obey the same SU(2)fe Kac- Moody commutation rela- 
tions as the WZW currents: 

r^~^tr{T'^g-\tdr-vd.)9), (8) 

where T", a — x,y,z are SU{2) generators and J = 
J''±ijy. 

We notice that the tunneling term >Ctun can be written 
in terms of the currents: 



Ct 



ax)j++c{^)j- 



(9) 



It is convenient to use the WZW representation since 
the tunneling term can be eliminated from the ac- 
tion by the gauge transformation g -^ gU with U = 
Pet/ dx^(x)-T^ where P denotes path ordering and 
i{x') = (2Re(C(2:')),-2Im(^(a;')),0). Under this gauge 
transformation Csu(2)k -^ ^su(2)k - ^ ■ J, thus gauging 
away the tunneling term £tun- 

We now turn to the effect of this gauge transformation 
on the velocity anisotropy terms. The velocity terms in 
Ccr can be written in the form: 



Vatr {Sad^g ^d^g) 



(10) 



where Sa is a matrix satisfying tr(SaTbTc) = (Jabf^ac and 
Va, a = x,y,z can be expressed in terms of Va-, w„. Let 
us separate the traceless part M of the matrix VaSa'- 
M = VaSa — tr{vaSa) X 1/3. Then Lgy takes the form 
Csv = i^{Mdxg~^dxg) Under the gauge transformation 
g -^ gU, Csv -^ tr{M'dxg-^dxg), where M' = UMW is 
random since the gauge transformation is a function of 
^{x). The renormalization group flow of the mean square 
average of M', Wm', is dWM'/dl = (3 - 2A)Wm' [11, 
where A is the scaling dimension of the term to which 
M' couples. In this case, M' couples to dxg~^dxg oc J^ 
which has scaling dimension A = 2 (i.e. M' is a veloc- 
ity). Hence Wm' and the velocity anisotropy are irrel- 
evant. The part of the velocity term which is invariant 
under the gauge transformation is the average velocity 
V = tr('i;a'5'a)/3. 

The mixing term, Cpa is irrelevant. It can be written 
as Cpa = 2vpcr{jJ^) ■ dx(f)p; under the gauge transforma- 
tion g — > gU the current J^ gets rotated with a random 
coefficient. Consequently, deviations from Vpa — are 
irrelevant, much like the velocity anisotropy term above. 

Thus, we have found that at the fixed point where the 
edge modes equilibrate due to random electron tunnel- 
ing, the edge theory of the anti-RR state is described 
by a single bosonic charge mode, Cp, and an SU{2)k 
neutral sector, Csu{2)k, moving in the opposite direc- 
tion. The electron operator of the v = 1 edge in the 



unequilibrated theory with ^ = in ([3]) is e*'^^ , which 
can be rewritten in the form e*"^^ — e^^^'f'" e'~2~'^''. As 
a result of equilibration, the dimension of this opera- 
tor changes, from Ae = 1/2 to Ae = (fc + l)/2. (The 
conformal spin, the difference between the right and left 
scaling dimensions, remains 1/2, however.) Noting that 
e^'^i can be rewritten as X™r^/2 e'^""^'', we see that 
this operator is the lowest J^ eigenvalue, to, of a multi- 
plet X%k/2 e''^'^" with m = -yfc/2, -fc/2 + 1, . . . , k/2. 
The other electron creation operators in this SU(2) mu- 
tiplet are obtained by acting multiple times on e^'^^ with 
J+ = T/iie*"^"; thus, they create an electron in the origi- 
nal v = 1 edge and transfer multiple electrons from the 
RR edge to the v = \ edge. As a result of equilibra- 
tion, all k + 1 of these operators have the same scaling 
dimension. When electrons tunnel between two level-fc 
RR droplets, the tunneling conductance G ^ T"^^ and, 
for finite V >T, h^n ~ V^^+^ . 

Quasiparticle operators can be obtained by the require- 
ment that they are local with respect to these electron 
operators. The allowed quasiparticle operators (modulo 
the creation or annihilation of an electron) and their scal- 
ing dimensions are: 



qp 



Xj-e 



iU+N)4>p 



(11) 



The J^ eigenvalue is suppressed here; there is an SU(2) 
multiplet of each of these operators all of which be- 
long to the same quasiparticle species because they have 
the same topological properties. <I>^'jf has right scal- 
ing dimension (j -I- N)'^/{k + 2) and left scaling dimen- 
sion j{j + l)/{k + 2) and, therefore, total scaling di- 
mension [{j + N)"^ + j{j + 1)] /{k + 2) and topological 
spin [{j + N)^ - j{j + 1)] /{k + 2). For k even, N = 
0,1,..., 1. For k odd, N = 0,1,...,-^ for integer 
j and N = 0,1,...,-^^ for half- integer j. There- 
fore, there are (fc -I- l)(fc + 2)/2 different quasiparticle 
species. This is also the ground state degeneracy of the 
RR theory on the torus (which is 10 in the case of the 
ly = 12/5 state). The corresponding RR state has the 
same degeneracy. The minimal dimension of a quasi- 
particle operator is [<i>qp ' ] = [*&qp] — j^- Conse- 
quently, when quasiparticles tunnel between the edges at 
a point contact, Rxx ~ r-2'=/('=+2) and, at finite V > T, 

-'tun * 

The thermal Hall conductivity of the anti-RR state is 
determined by the central charge of the edge theory [2J] . 
Ignoring the filled Landau levels, the central charge of 
the bosonic charge sector is c = 1 and the central charge 
of the SU{2)k theory is c = Sk/{k + 2). The thermal Hall 
conductivity of the anti-RR state is then: 



'^xy 



= 1- 



3fc 



3h 



-T. 



(12) 



Thus, the conductivity due to the partially filled sec- 
ond Landau level is negative for all k. Focusing on the 



V — 2/5 anti-RR state (k=3) its thermal Hall conductiv- 

2.2 

ity is — I (in units of „ , ^ T) , while the Abelian hierarchy 
state a.t 1/ = 2/5 has a positive thermal Hall conductance 
of +2, and the v — 2/5 non-Abelian hierarchy state of 
Ref. ^20], built on the v = 1/2 Pfaffian state, would have 
a thermal Hall conductance of 4-^. We note that the 
construction of Ref.[20|] can also produce a. v — 2/5 state 
built on the anti-Pfafhan state, with thermal Hall con- 
ductance — |. These thermal conductivities are achieved 
at length scales longer that the equilibration length of 
the edges. In the case of the v = 12/5 state, the filled 
lower Landau level gives an additional contribution of +2, 
which would make all of the thermal conductivities pos- 
itive, though differing in magnitude. Therefore, in order 
to distinguish the non-Abelian ly = 12/5 states from the 
Abelian one through the signs of their thermal Hall con- 
ductivities, it would be necessary to measure the thermal 
conductivity along an edge between v = 2 and v = 2 + ^, 
which would only have a contribution from the partially- 
filled Landau level. On shorter length scales, the different 
modes on the edge do not equilibrate, in which case both 
the anti-RR state and the non-Abelian hierarchy state 
will have heat flow both upstream and downstream while 
the Abelian state will have purely chiral heat transport. 
In this case, the filled Landau levels simply give an addi- 
tional contribution to the downstream heat transport. 

The difference between the various proposed h' = 12/5 
states would also be evident from the transport through 
a point contact. As a result of weak quasiparticle tun- 
neling from one edge to the other, there is a non-zero 
longitudinal resistance Rxx ^ y4Aqp-2^ js^^ finite voltage 

V > T, we instead have /tun ~ T/^-^ip-i. in the Abehan 
hierarchy v = 2/5 state, the most relevant tunneling op- 
erator is that of the charge |e quasiparticle with Aqp — i 
[i,[23], leading to R^x ^ T-^/s. In the non- Abehan hi- 
erarchy state of Ref. [20|, the most relevant tunneling 
operator is that of charge ^e quasiparticles with dimen- 
sion Aqp = ^, leading to Rxx ~ t^^^/^°. Its sister 
state, built on the anti-Pfaffian, rather than the Pfaffian 



has A 



qp 



II , hence 



'■^p carries 
i while the 

5 ' 



Rxx -- r-21/20^ Finally, in the 
k = 3 RR state, the operator <I'i/5 — $( i) e 
charge ^e and has scaling dimension Aqp 
operator $2/5 = e"^'' carries charge |e and has the same 
scaling dimension. Therefore, the longitudinal resistance 
in this theory will behave as Rxx ~ T~^/^, precisely as in 
the Abelian hierarchy state. However, shot noise experi- 
ments 281 I29I, |30] can detect the charge of the tunneling 
quasiparticles. In the Abelian hierarchy state, the cur- 
rent is carried by charge 2e/5 quasiparticles at the low- 
est temperatures, where the most relevant operator (in 
the RG sense) will dominate. In the non-Abelian hierar- 
chy state, charge e/5 quasiparticle tunneling is the most 
relevant operator. In the fc = 3 RR state, charge e/5 
and charge 2e/5 quasiparticle tunneling are equally rel- 
evant, but the bare tunneling matrix element for charge 



e/5 quasiparticles is presumably larger than for charge 
2e/5 quasiparticles (r2/5 ~ (Pi/s)^), so tunneling will be 
dominated by the former. In summary, we expect shot 
noise experiments in either of the non-Abelian states to 
result in a charge of e/5, as compared to charge 2e/5 
in the Abelian state. The two non-Abelian states can 
be distinguished from each other by the power-laws with 
which Rxx depends on T or Jtun on V for V > T in the 
limit of weak tunneling. In the opposite limit of strong 
tunneling, the droplet effectively breaks in two and all 
that remains is the weak tunneling of electrons between 
the two droplets. In this case, G ^ y4Ac-2. :^^ both 
the Abelian and non-Abelian hierarchy states, Ag = 3/2 
while in the /c = 3 RR state, Ag = 2. 
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